
Math250:4.5LinearApproximationandDifferentials
Objectives:

1) Understand that differentiability also means local linearity'

a. lf f,(a)exists, we can find atangent line to/at x = a t y - f(a) = f'(a)' (x - a)

b. If we graph f arrdthe tangent line together, and zoom in near x = a ,the function and the tangent

line are very close together'

2) Estimate the function value using the tangent line (linear approximation)'

a. When we isolateY

i. y- f(a)= f'(a)'(x-a) becomes

ii. y= f(a)+ f'(a)'(x*a)
b. Call thisy the linear approximation I(x) = f (a)+ f'(a)'(x - a)

c. For values ofx sufficiently close to a' f (x) x L(x)

d.Ifxgetstoofarfroma,theapproximationisnotveryaccurate.
3) Use the second derivative/'(a) to describe the accuracy of /(r) * L(x)

a. The sign of f ,(a)tells if the estimate is too high (overestimate) or too low (underestimate)

i. If f,(a) > a ,f is concave up, curving upward from the tangent line. The linear

approximation is beneath the function, and underestimates the value ofthe function'

ii. lf f'(a) <0,f is concave down, curving downward from the tangent line' The linear

approximation is above the firnction, and overestimates the value of the firnction'

b. The size of the curvature lf'to\1tells if the estimate is valid over a large or small interval

i. lf lf'@)l is large, the function curves away from the tangent line quickly, making the

approximation /(x) x L(x) valid for only a small interval ofx-values t]far a'

ii. ff l/'(a)| is small, the functioo remains close to the tangent line, making the

approximation /(x) x L(x) vatid for a larger interval ofx-values near a'

4) Estimate the change in the function using the change in the linear approximation'

a. As changes from a to x, wantthe change inthe function: Ly = 4f = f(x) - f(a)

b. Change in x is called Lx = x - a
c. APProximate 6Y N L(x)- L(a)

,d. But Ay x L(x)- L(a) simplifies a lot!

6y * L(x)- L(a)

=V @) + f ' (a)(x - d1-V to> + f' (a)(a - @i

f(a)+ f'(a)(x-a)- f(a)+ f'(a)'0
= f'(a)(x-a)

So: x:i'i:i@-a)
5) Use differential notationto estimate Ayby the change inthe linem approximation'

a. Define dy = f'(a)' & and dx = Lx,sa dy = f'(a)'dx
b. The aPProximation becomes LY o &
c. This works for variable values of a, giving 4y = f'(x)'dx

i. CAUTION: Most ofthe time we mean a specific value ofx = a and f'(a)



Examples and Practice:

tJse f(fl =3JY

a. Find the linear approximation to /(x) = 1/i for values of x near a = 1

b. Use the linear approximation to estimate 117

c. Compare the approximation to the exact value ot'Ji and calculate the error'

d. Find the linear approximation to /(x) = './i for values of x near a = 27

e. Use the linear approximation to estimate l'!fr

f. Compare the approximation to the exact value ot'J26 and calculate the error'

g. IJse f ' to identiry if these approximations are overestimates or underestimates'

h. Use the curvature to explain the accuracy of these two estimates'

Use y = f(x)=xe -2x+1
a.Approximatethechangeiny=f(x)=x,_2x+1whenxchangesfrom1.00to1.05.
b. Express this change using differential notation'

Approximate the change in the surface are of a spherical balloon when the radius decreases from 4 m to

:.q*.Expressthischangeusingdifferentialnotation.
Findthe differential form of the derivative of /(x) = 3cos2(x)

1)

2)

3)
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